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Abstract
The interface conditions, or jump conditions, for the pressure and the velocity of the solution to the
incompressible Stokes equations with a discontinuous viscosity and a singular source along an interface are derived
in this work. While parts of the results agree with those in the literature, some of the results are new. These
theoretical results are useful for developing accurate numerical methods for the interface problem.
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1. Introduction
Incompressible two-phase Stokes and Navier–Stokes equations have many applications; see [1,2]
and the reference therein. In order to obtain accurate numerical methods for solving two-phase flow
problems, it is helpful to know how the physical quantities such as the pressure and the velocity
are coupled together across the interface. For a continuous viscosity, such interface relations and the
derivations can be found in [1–3]. If the viscosity has a finite jump across the interface, while some of
the interface relations are known from the literature [1], they may not be sufficient for some numerical
methods. In particular, for the immersed interface method [2,4,5], the jump conditions in the solution
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Fig. 1. (a) A diagram for incompressible Stokes equations defined on a domain Ω with an interface Γ across which the viscosity
µ is discontinuous. (b) Force density decomposition in which f1 and f2 are the force densities in the x- and y-directions, while
fˆ1 and fˆ2 are the force densities in the normal and tangential directions.
and the normal derivative are needed to derive a second order scheme. All the jump conditions including
the ones newly derived in this work have been used in a new numerical method for Stokes equations
with discontinuous viscosity [6]. In this work, we derive the interface relations for the pressure and the
velocity and their normal derivatives.
2. Derivation of the interface conditions
Consider the incompressible Stokes equations
div S = F + f(x)δΓ , div u = 0, in Ω ∈ Rd , d = 2, 3, (1)
where F is the body force, f is the density function of the surface force along the interface Γ ; see Fig. 1
for an illustration. The strain tensor S is given by
S = −µT + pI, (2)
and the tensor T is defined by
Ti, j = Dxi u j + Dx j ui , (3)
where u is the divergence free velocity field and p is the pressure. The domain Ω is divided into two
sub-domains Ω+ and Ω− by Γ . We assume that the viscosity µ is a piecewise constant,
µ(x) =
{
µ+, x ∈ Ω+,
µ−, x ∈ Ω−. (4)
Therefore the solution to the Stokes equations represents a two-phase flow. For symmetric matrices S,
T ∈ Rd×d , we define S : T ∈ R by
S : T =
∑
i
Si · Ti .
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For the existence and uniqueness of the weak solution to (1), we refer readers to [7]. The pair (u, p) is
the saddle point of
L(u, p) = 1
2
∫
Ω
µT : T dx −
∫
Γ
f ·u ds −
∫
Ω
F ·u dx −
∫
Ω
(div u) p dx; (5)
see, for example, [8,9] for the definition of the saddle point problem. Thus, (1) is equivalent to
−
∫
Ω
S : ∇φ dx =
∫
Ω
F ·φ dx +
∫
Γ
f ·φ ds (6)
for φ ∈ H 10 (Ω)d .
For the two-phase Stokes flow across the interface Γ , the pressure is discontinuous and the velocity
has discontinuous derivatives. We assume that (u, p) is piecewise smooth. Applying the Green’s formula
in each domain Ω±, we get∫
Ω
ψ ·∇χ =
∫
Γ
[n ·ψ]χ ds −
∫
Ω+
divψ χ dx −
∫
Ω−
divψ χ dx, (7)
for ψ ∈ H 1(Ω±) and χ ∈ H 10 (Ω) where n is the unit normal direction and the jump for a quantity w(x)
at a point on Γ (s) is defined as
[w](s) = lim
x→s,x∈Ω+
w(x) − lim
x→s,x∈Ω−
w(x).
Thus, we apply the Green’s formula to (6) to get
−
∫
Γ
([n ·S] + f) ·φ dx +
∫
Ω+
div S ·φ dx +
∫
Ω−
div S ·φ dx =
∫
Ω
F ·φ dx, (8)
where
(div S)i = div Si .
Hence, we obtain
div S = F a.e. in Ω±, (9)
and
[n ·S] + f = 0 a.e. in Γ . (10)
Note that the equation above is the result of balancing force along the normal direction at the interface
Γ . This jump condition is also derived in [1,10] and others in the literature.
Next, from (1), we have
div (div S − F − f(x)δΓ ) = 0. (11)
Therefore we get∫
Ω
S : ∇(∇χ) dx +
∫
Ω
F ·∇χ +
∫
Γ
f ·∇χ ds = 0, (12)
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for all χ ∈ C20 (Ω).1 By applying the Green’s formula in each domain and then combining them, we
also get∫
Ω
S : ∇(∇χ) dx =
∫
Γ
[n ·S] · ∇χ ds −
∫
Ω
div S ·∇χ dx . (13)
From the equality (12) and (13), we obtain∫
Γ
([n ·S] + f) · ∇χ ds −
∫
Ω
(div S − F) · ∇χ dx = 0. (14)
Applying the Green’s formula in each domain to the volume integration in the expression above, we get∫
Γ
([n ·S] + f) · ∇χ ds −
∫
Γ
[n ·(div S − F)]χ ds
+
∫
Ω+
div (div S − F) χ dx +
∫
Ω−
div (div S − F) χ dx = 0.
We use the equality (10) to simplify the expression above to get∫
Γ
([n ·S] + f) · ∇χ ds =
∫
Γ
{([n ·S] + f) ·τ } · ∇τ χ ds = −
∫
Γ
∇τ · {([n ·S] + f) · τ }χ ds,
where τ is the unit tangent direction. Thus we obtain
div (div S − F) = 0 a.e. in Ω±, (15)
and
[n ·(div S − F)] + ∇τ · {([n ·S] + f) · τ } = 0 a.e. in Γ . (16)
or equivalently
[n ·(div S − F)] = 0 a.e. in Γ . (17)
We summarize the results obtained so far in the following theorem.
Theorem 1. Let (u, p) be the solution of the incompressible Stokes equations (1)–(4). Then the following
equations (excluding the interface):
−µu + ∇ p = F in Ω±, (18)
p = div F in Ω±, (19)
hold along with the interface conditions (10), (16), and
[n ·S] + f = 0, [n ·(div S − F)] + ∇τ · {([n ·S] + f) ·τ } = 0,
as well as the continuity conditions
[u] = 0, [div u] = 0 (20)
a.e. in Γ .
Proof. The expression (9) is equivalent to (18) and (15) is equivalent to (19).
1 This can also be obtained by setting φ = ∇χ in (6).
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3. Interface relations for two-dimensional incompressible Stokes flow
Let us use fˆ1 = f ·n and fˆ2 = f ·τ to represent the force density in the normal and tangential
directions. Then the interface conditions can be summarized in the following theorem:
Theorem 2. Assume Γ ∈ C2, fˆ1 ∈ C1, and fˆ2 ∈ C1. Let p, u be the solution to the Stokes equations
(1)–(4). We have the following jump conditions across the interface Γ :
[p] = 2
[
µ
∂u
∂n
·n
]
+ fˆ1, (21)
[
∂p
∂n
]
= [F ·n] + ∂
∂τ
fˆ2 + 2
[
µ
∂2
∂τ 2
(u ·n)
]
, (22)
[
µ
∂u
∂n
·τ
]
+
[
µ
∂u
∂τ
·n
]
+ fˆ2 = 0, (23)
[µ∇ ·u] = 0. (24)
Again, the first jump condition above is the result of balancing force in the normal direction at the
interface, while the third one is the tangential condition.
Proof. If we define
uˆ = u ·n, vˆ = u ·τ , (25)
expression (10) is equivalent to
−2 [µDnuˆ] + [p] + f ·n = 0 (26)
and
−[µ(Dn vˆ + Dτ uˆ)] + f ·τ = 0 (27)
at Γ . From (16), we have
[−µ (D2τ uˆ + D2nuˆ + Dτ Dn vˆ + D2τ uˆ)] − [n ·F] + [Dn p] + Dτ (f ·τ )
= −2 [µ D2τ uˆ] − [n ·F] + [Dn p] + Dτ (f ·τ ) = 0, (28)
at Γ , where we have used the fact that S and div S are invariant under the transformation and
div u = Dnuˆ + Dτ vˆ = 0. (29)
Remarks.
• For the three-dimensional case (28) becomes
−2 [µ∆Γ uˆ] − [n ·F] + [Dn p] + Dτ (f ·τ ) = 0 (30)
where ∆Γ is the Laplace–Beltrami operator.
• For the incompressible Navier–Stokes equations, since the material derivative is continuous, the
interface conditions are exactly the same as those for incompressible Stokes equations.
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